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Probability: The basic entity treated by the theory of probability is called a “chance experiment.”  
It must always have an identifiable outcome belonging to a fixed, known set of possibilities. 
 
Let iζ  denote the outcome of a chance experiment.  The whole set of possible outcomes is called 
the “universal set” and is denoted by .  The experiment itself may be designated by a letter S E . 
 
Examples: 
1.  The experiment : A coin is tossed.  The outcomes are aE H=1ζ  and T=2ζ .  

( ) ( THS ,, 21= )=ζζ  
2.  : A coin is tossed three times in succession.  Outcomes are triplets of heads or tails: 
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3.  : Two fair dice are thrown and the number of dots on the top of each is observed.  There 

are 36 distinct outcomes that can be enumerated as 

cE
( ) ( ) ( ) ( ) (

3635321

6,6
,

5,6
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3,1
,

2,1
,

1,1
ζζζζζ

K
)
. 

Thirty-six, distinct 2-tuples describe the possible outcomes, and the sample space 
contains 36 elements. 

4.  : The voltage at three different points a, b, and c of the circuit of a radio receiver is 
measured at the same time τ.  The outcome is a triplet of numbers 

dE
( )cba VVV ,,=ζ , which 

can be represented as a point in three-dimensional space, and  is the entire space. S
5.  : The sequence of N digits (1’s and 0’s) emitted by a computer and sent over a 

communication line to a second computer is recorded during an interval of duration T.  
There are 2

eE

N outcomes. 
 
Events: 
A collection of outcomes, ζ , of a chance experiment E forms a subset of the universal set S and 
is called an “event.”  The event occurs whenever any outcome in it occurs. 
 
Examples: 
From Example 2, 
=A ”Heads comes first” { }4321 ,,, ζζζζ=  
=B ”The same face shows in the second and third tosses” { }8541 ,,, ζζζζ=  
=C ”Exactly two tails appear” { }764 ,, ζζζ=  

From Example 5, 
=A ”The sequence of N digits contains j 0’s and N-j 1’s.” 
=B ”Each 0 is followed by k 1’s.” 
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The empty set, which contains no elements, is denoted by φ . 
 
The experiment  has four events: aE { } { } SHT ,,,φ  
In the experiment  each of the eight outcomes can be either included or excluded from the 
subset defining the event.  There are 2

bE
8 events.  In a chance experiment with N outcomes 2N 

different events can be defined. This is because there are two possibilities for each outcome 
(either exclude or include), and there are N outcomes total. Hence 2N different events are 
possible. 
Experiment  has an infinite number of events. dE
 
Set Definitions 
A set is a collection of objects.  The objects are called elements of the set.  If a is an element of a 
set A, we can write a .  If a is not an element of A, we can write A∈ Aa∉ . 
 
A set is countable if its elements can be put in one-to-one correspondence with natural numbers.  
If a set is not countable it is called uncountable.  A finite set is one that is either empty or has 
elements that can be counted.  If a set is not finite it is called infinite.  (Example: points on the 
real number line). An infinite set having countable elements is called countably infinite. 
(Example: the integers). 
 
If every element of a set A is also an element in another set B, A is said to be contained in B, 

.  If at least one element exists in B, which is not in A, then A is a proper subset of B, BA ⊆
BA ⊂ .  Two sets A and B are called disjoint or mutually exclusive if they have no common 

elements. 
 
Set Operations 
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The complement of a set , denoted by A A , is the set of all elements not in . A
{ } ASAA −=∉= ζζ :  

Thus, S=φ , φ=S , SAA =∪ , and φ=∩ AA . 
 
Algebra of Sets 
 
Commutative Law states that: 

ABBA
ABBA

∪=∪
∩=∩  

Distributive Law: 
( ) ( ) ( )
( ) ( ) ( CABACBA

CABACBA
∪∩∪=∩∪ )
∩∪∩=∪∩

 

Associative Law: 
( ) ( )
( ) ( ) CBACBACBA

CBACBACBA
∩∩=∩∩=∩∩
∪∪=∪∪=∪∪

 

 
Probability and Axioms 
Probabilities are numbers assigned to events in a way that is consistent with certain rules.  The 
events are sets of outcomes of a chance experiment E.  The rules are expressed in four axioms 
that form the basis of the mathematical theory of probability.  We adopt the notation P(A) for 
“the probability of event A.” 
 
Let A be any event defined on a sample space. 
 
Axiom I:  ( ) 0≥AP
Axiom II:  ( ) 1=SP
Axiom III: If φ=∩ BA , then ( ) ( ) ( )BPAPBAP +=∪     [Special case of Axiom IV] 

Axiom IV: If φ=∩ ji AA  jiji ≠∀ ,,  then  ( )∑
∞

=

∞

=

=








11 i
i

i
i APAP U

 
Corollary 1: ( ) ( )APAP −= 1  
 Proof: 

φ=∩ AA  and SAA =∪  
e.g., ( ) ( ) ( ) 1==+ SPAPAP  

 
Corollary 2:  ( ) 10 ≤≤ AP
 Proof: 
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( ) 0≥AP  and ( ) 0≥AP  by Axiom I. 
( ) ( ) 01 ≥−= APAP  so ( ) 1≤AP  

e.g.,  ( ) 10 ≤≤ AP
 

Corollary 3: If φ=∩ ji AA  jiji ≠∀ ,,  then   (Note finite limit here) (∑
==

=






 N

i
i

N

i
i APAP

11
U )

Corollary 4: ( ) ( ) ( ) ( )BAPBPAPBAP ∩−+=∪  
 Proof: Use a Venn Diagram. 
 
Joint and Conditional Probability 
From the Venn diagrams above, it is clear that ( ) ( ) ( ) ( BAPBPAPBAP ∪ )−+=∩  or 
( ) ( ) ( ) ( ) ( ) ( )BPAPBAPBPAPBAP +≤∩−+=∪  

 
Given some event B with nonzero probability, ( ) 0>BP , we define the conditional probability of 
an event A, given B, by 

( ) ( )
( )BP

BAPBAP ∩
=  

If A and B are mutually exclusive, then φ=∩ BA  and ( ) 0=BAP . 
 
Total Probability 

 
 
 
N mutually exclusive events Bn and another 
event A. 
 
 
 
 
 
 
 
 
 

 
The probability of any event A, , defined on a sample space S can be expressed in terms of 
conditional probabilities. 

( )AP

 
Given N mutually exclusive events Bn, n=1,2,3…N ( φ=∩ mn BB  Nnm ,...,3,2,1=≠  and 

) the total probability of event A is given by SB
N

n
n =

=
U

1
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Proof: 
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Using conditional probability, ( ) ( ) ( )∑
=

=
N

n
nn BPBAPAP
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Independence 
Two events are said to be statistically independent if: 

( ) ( )APBAP = , ( ) 0≠BP  or ( ) ( )BPABP = , ( ) 0≠AP  
or equivalently, 

( ) ( ) ( )BPAPBAP =∩  
 
We already know that if the events are mutually exclusive then ( ) 0=∩ BAP .  If the events have 
nonzero probability of occurrence, then it is easily seen that two events can not be both mutually 
exclusive and statistically independent.  For two events to be independent φ≠B∩A . 
 
Example: 
In an experiment one card is selected from an ordinary 52-card deck.  Define the events: 
 A – select a King 
 B – select a Jack or a Queen 
 C – select a Heart 

The probabilities are: ( )
52
4

=AP , ( )
52
8

=BP , and ( )
52
13

=CP . 

φ=∩ BA  so  ( ) 0=∩ BAP

( )
52
1

=∩CAP  and ( )
52
2

=∩CBP  

( ) ( ) ( ) 252
320 =≠=∩ BPAPBAP  so A and B are not independent. 

( ) ( ) ( )
52
1

52
1

===∩ CPAPCAP  and ( ) ( ) ( )
52
2

52
2

===∩ CPBPCBP  

so the pairs A,C and B,C are independent. 
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Bayes Theorem 

( ) ( )
( )AP

ABP
ABP n

n
∩

= ,  and ( ) 0≠AP ( ) ( )
( )n

n
n BP

BAP
BAP

∩
= , ( ) 0≠nBP  

( ) ( ) ( ) ( ) ( )APABPBPBAPBAP nnnn ==∩  
 
 
Bayes Theorem is derived from the above equations: 

( ) ( ) ( )
( )AP

BPBAP
ABP nn

n =  

Another form of Bayes Theorem is obtained by substitution of 

( ) ( ) ( ) ( ) ( ) ( ) ( NNn

N

n
n BPBAPBPBAPBPBAPAP ++== ∑

=

...11
1

) into the above equation. 

( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( )
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=
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Example 
The experiment consists of observing the sum of numbers showing up when two dice are thrown.  
The set of all possible outcomes, or the sample space, consists of 36 points shown below.  Each 
possible outcome corresponds to a sum having values from 2 to 12. 
 
 1,1 1,2 1,3 1,4 1,5 1,6 

 2,1 2,2 2,3 2,4 2,5 2,6 

 3,1 3,2 3,3 3,4 3,5 3,6 

 4,1 4,2 4,3 4,4 4,5 4,6 

 5,1 5,2 5,3 5,4 5,5 5,6 

 6,1 6,2 6,3 6,4 6,5 6,6 

B

A

C

 

Suppose we are interested in three events defined by the sum. 
{ }7: == ζζA , { }118: ≤<= ζζB , and { }ζζ <= 10:C  

There are 36 elementary events =jiA , { sum of outcomes (i,j) = i + j } 
 

If the dice are fair: ( )
36
1

, =jiAP  

 6



( ) ( )
6
1

36
16

6

1
7,

6

1
7, =⋅==







= ∑

=
−

=
−

i
ii

i
ii APAPAP U  

( )
4
1

36
19 =⋅=BP   ( )

12
1

36
13 =⋅=CP  

( )
18
1

36
12 =⋅=∩CBP  ( )

18
5

36
110 =⋅=∪CBP  

 
 
Example: 
Experiment E: Obtain a number by spinning the pointer on a fair wheel of chance that is labeled 
from 0 to 100.    The probability of the pointer falling between any two 

numbers x

{ 1000: ≤<= xxS }

1 ≤ x2 is 
100

12 xx − . 

To check this we see that { 21: xxxxA }≤<=  satisfies Axiom I for all x1 and x2 and Axiom II 
when x2 = 100 and x1 = 0. 
 
Suppose the periphery of the wheel is broken into N contiguous segments and 

 where { }nnn xxxxA ≤<= −1:
N

nxn
100

= , n = 1, 2, 3, … , N and x0 = 0. 

 

If ( )
N

AP n
1

= , then for any N ( ) ( )∑∑
===

====






 N

n

N

n
n

N

n
n SP

N
APAP

111

11
U  

 
Example: 
In a box there are 100 resistors having resistance and tolerance as shown: 
 

Resistance Tolerance Total 
Ω 5 % 10 %  
22 10 14 24 
47 28 16 44 
100 24 8 32 

Total 62 38 100 
 
A resistor is chosen from the box with equal likelihood.  Events are defined as: 
 A – 47Ω resistor B – 5% tolerance resistor C – 100Ω resistor 
 

( )
100
44

=AP   ( )
100
62

=BP   ( )
100
32

=CP  

( ) ( )
100
28%547 =Ω=∩ andPBAP  ( ) ( )

100
010047 =ΩΩ=∩ andPCAP  

( ) ( )
100
24100%5 =Ω=∩ andPCBP  
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( ) ( )
( ) 62

28

100
62

100
28

==
∩

=
BP

BAPBAP  ( ) ( )
( ) 0

100
32

100
0

==
∩

=
CP

CAPCAP  

( ) ( )
( ) 32

24

100
32

100
24

==
∩

=
CP

CBPCBP  

 
 
Number of Combinations 
 

The number of ways “N objects can be selected, k at a time” is denoted  . This is the number 

of combinations and is given by: 









k
N

)!(!
!

kNk
N

k
N

−
=








  
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