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Joint Distribution

In the case of one random variable, event 4 is defined by 4 = {X < x}. A similar event B can be
defined for ¥, B ={Y < y}. The probability distribution functions are F, (x)= P{X < x} and

F, (y) = P{Y < y}. The joint event is defined by {X <xY < y}. The joint probability
distribution function is given by F , (x,y)=P{X <x,Y < y}. Itis obvious that

Fyy (x,y)=P{X <x,Y <y}=P(4nB). For Nr.v.’s X, =1,2,...,N the joint distribution
function, denoted by F , (x,,%,,...,x, ) is defined as the probability of the event

{Xl <x, X, <x,,..,Xy < xN}. Fy v .x, (xl,xz,...,xN)z P{Xl <x, X, <x,,..., X, < xN}

Properties of the Joint Distribution

1) Fyy (_ oo,—oo) =Fyy (_ %0, y) =Fyy (x,—oo) =0

2) Fy,(0,0)=1

D O0<F,,(x,y)<1

4) F Yy (x, y) is a non-decreasing function of x and y

5) P{xl <XS X,y <Y< yz}: FX,Y(xl’yl)+FX,Y(XZ’yZ)_FX,Y(xl’yz)_FX,Y(x2’yl)
6) FX,Y(x’OO): Fx(x)a FX,Y(Oan): FY(y)

Property 6 defines the marginal distribution function.
Proof:

P{X <x,Y<y}=P(4NnB)
If y =0, this implies B = {
ie., Fy,(x,0)=P(ANS)=P

Joint Density Function
For two random variables X and Y, the joint probability density function, denoted by f , (x, y) ,

is defined by

82FX,Y (xay)
fx,y(x,y)—W

For N random variables

N
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Properties of the Joint Density
D) fry ()20

2) ]ﬁ TfX,y (X,y)dxdy =1

—00—00

5) £y ()= [ [ 16 gcae,

8 Foo)= | j Ser(§1:62)dS d¢,

—00—00

Y2 Xy

5) P{x1 <X <x,,y <Y§y2}= J-J-fX,Y(x,y)dxdy

%

6) fx Ifxyxy y fy(y):jfx,y(x’y)dx

Marginal Density Function

dF, (x) dr,(y)
fX( ) dx fy( ) dy
Conditional Distribution
PiX<xNnB dF\x|B
p )= Pl < o) HEZE08 g (g 00D

It can be shown
_fX,Y(xay) _fx,Y(xay)
A R Ry

Statistical Independence
Recall that two events are statistically independent iff P(A NB ) = P(A)P(B ) This can be

extended to two random variables X'and Y. Let 4 = {X < x} and B = {Y < y}. Two random
variables are independent iff P{X <x,Y < y}= P{X < x}P{Y < y}. This implies
Fx,y(xay): FX(X)FY(y) and fX,Y(x’y): fx(x) Y(y)
The conditional distribution for independent variables:
PX<xY<y) Fy (xy)
F.xlY <y)= =— =F,(x
R I T

Similarly
Fy(y|XSx):Fy(J’) fx(x|YSy):fx(x) fy(y|XSx):fY(y)



Sum of Two Random Variables
Let W = X +Y where X and Y are random variables. F,, (w)= P{W <w}=P{X +Y < w}

¥ The probability corresponding to an
elemental area dxdy in the xy plane is

Fvy (%, )dxdy

W=

=

D \\\\\\w
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