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Joint Distribution 
In the case of one random variable, event A is defined by { }xXA ≤= .  A similar event B can be 
defined for Y, .  The probability distribution functions are { yYB ≤= } ( ) { xXPxFX ≤= } and 

.  The joint event is defined by ( ) {YPyFY = }y≤ { }yYxX ≤≤ , .  The joint probability 
distribution function is given by ( ) { }yYxXPyxF YX ≤≤= ,
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.  For N r.v.’s ( ) PyxF YX =,, { yYxX ≤≤ , } P= Nn ,,2,1 K=  the joint distribution 
function, denoted by  is defined as the probability of the event 
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Properties of the Joint Distribution 
1) ( ) ( ) ( ) 0,,, ,,, =−∞=∞−=−∞∞− xFyFF YXYXYX  
2)  ( ) 1,, =∞∞YXF
3) 0  ( ) 1,, ≤≤ yxF YX

4)  is a non-decreasing function of x and y ( yxF YX ,, )
5) { } ( ) ( ) ( ) ( 12,21,22,11,2121 ,,,,, yxFyxFyxFyxFyyyxxxP YXYXYXYX )−−+=≤<≤<  
6) , ( ) (xFxF XYX =∞,, ) ( ) ( )yFyF YYX =∞,,  
 
Property 6 defines the marginal distribution function. 
Proof: 
  { } ( BAPyYxXP ∩=≤≤ , )
 If ∞=y , this implies { } SYB =∞<=  
 i.e., ( ) ( ) ( ) { } ( )xFxXPAPSAPx XYXF =≤==∩=∞,,  
 
Joint Density Function 
For two random variables X and Y, the joint probability density function, denoted by ( )yxf YX ,, , 
is defined by 
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Properties of the Joint Density 
1)  ( ) 0,, ≥yxf YX
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Marginal Density Function 

( ) ( )
dx
xdFxf X

X =     ( ) ( )
dy
ydFyf Y

Y =  

 
Conditional Distribution 
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Statistical Independence 
Recall that two events are statistically independent iff ( ) ( ) ( )BPAPBAP =∩ .  This can be 
extended to two random variables X and Y.  Let { }xXA ≤=  and { }yYB ≤= .  Two random 
variables are independent iff { } { } { }yYPxXPyYxXP ≤≤=≤≤ , .  This implies 

( ) ( ) ( )yFxFyxF YXYX =,,   and  ( ) ( ) ( )yfxfyxf YXYX =,,  
The conditional distribution for independent variables: 
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Similarly 
( ) ( )yFxXyF YY =≤    ( ) ( )xfyYxf XX =≤     ( ) ( )yfxXyf YY =≤  

 
 
 
 
 



 
 
 
Sum of Two Random Variables 
Let W  where X and Y are random variables.  YX += ( ) { } { wYXPwWPwFW ≤+ }=≤=  

 
The probability corresponding to an 
elemental area dxdy in the xy plane is 

( )dxdyyxf YX ,,  
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